Several methods for the analysis of remotely sensed reflectance data are compared, including empirical methods and scattering theories, both of which are important for solving remote sensing problems. The concept of the photon mean optical path length and the implications for use in modeling reflectance spectra are presented. It is shown that the mean optical path length in a particulate surface is in rough inverse proportion to the square root of the absorption coefficient. Thus, the stronger absorber a material is, the less photons will penetrate into the surface. The concept of apparent absorbance (-In reflectance) is presented, and it is shown that absorption bands, which are Gaussian in shape when plotted as absorption coefficient (true absorbance) versus photon energy, are also Gaussians in apparent absorbance. However, the Gaussians in apparent absorbance have a smaller intensity and a width which is a factor of V'-2-larger. An apparent continuum in a reflectance spectrum is modeled as a mathematical function used to isolate a particular absorption feature for analysis. It is shown that a continuum should be removed by dividing it into the reflectance spectrum or subtracting it from the apparent absorbance and that the fitting of Gaussians to absorption features should be done using apparent absorbance versus photon energy. KubelkaMunk theory is only valid for materials with small total absorption and for bihemispherical reflectance, which are rarely encountered in geologic remote sensing. It is shown that the recently advocated bidirectional reflectance theories have the potential for use in deriving mineral abundance from a reflectance spectrum.
INTRODUCTION
The use of remotely obtained spectra of planetary surfaces for geologic studies has increased dramatically in the last decade. Spectral data have been used to identify minerals on the earth and on all the solid surfaces in the solar system as well as composition of atmospheres when present. The reflectance spectrum of a particulate surface is very complex, being affected by the number and type of materials present, their weight fractions, the grain size of each material, and the viewing geometry. Because of the complexity, adequate theories for predicting the light returned (scattered) from the surface have not been precise enough for all applications and conditions. Absorption bands due to electronic transitions, vibrational modes, charge transfer processes, and other processes [e.g., see Hunt, 1977] often allow a unique identification of the mineral to be made. However, relating a spectral feature identification to actual mineral abundance is difficult.
Thus, the interpretations of reflectance spectra have been made by studying many types of spectra under different conditions such as differing grain sizes or mixtures of various materials. This empirical method sometimes results in confusion of a particular interpretation for the nonexpert and even disagreement among the experts.
Because the current theories have not been shown to be precise enough for all conditions and applications, considerable effort has been undertaken to study many different conditions in the laboratory to derive empirical trends. The near future holds the promise of mapping spectroscopy, where a reflectance spectrum will be obtained of planetary surfaces at many spatial points on the surface. Such techniques can easily produce millions of spectra. Since the scattering theories are complex, their use requires considerable computer time possibly precluding their use on millions of spectra. Thus, the future analysis of spectral data will likely occur at several levels. When large amounts of data are involved, only simple analyses can be practically done, like correlation of a particular mineral with the ratio of data at two different wavelengths. A next level effort might be a search for a particular absorption feature and a derivation of its depth. In some cases, an empirical trend in several parameters derived from laboratory studies might be applied to the data. In the most detailed analysis, a sophisticated scattering analysis might be applied. The degree of accuracy desired in the resulting analysis, and the amount of data to process, will most likely drive the selection of methods to be used.
Although the number of theories for the scattering within a particulate surface and their accuracy appear to be increasing, there will always be a need for laboratory studies to verify, refine, and extend the theories. Since, in most studies, the goal is to determine the composition and physical properties of the surface, the understanding of how photons are scattered from a particulate surface is essential, whatever the analysis method used. In the empirical case, this understanding might be the derivation of absorption band depth as a function of grain size. In the scattering theory case, it might be the determination of grain size and complex refractive index.
It should be noted that scattering theories are often presented in terms of deriving the absorption coefficient (related to the complex refractive index) of the surface material. Once the absorption coefficient as a function of wavelength has been found, the material may be identified by comparison with known mineral absorption data. This is not necessary, for absorption features in reflectance are at the same wavelengths as in absorbance (with some qualifications due to scattering effects), and the same unique identifications can be made. However, in reflectance, the scattering of light in the particulate surface complicates the determination of mineral abundance. All remotely sensed identifications of minerals on the surfaces of the planets and satellites in the solar system have been done using spectral data in reflectance, not absorbance. 
where a and b are constant and a tends to increase as n increases. The parameter n tends to increase as the grain size approaches and becomes smaller than •. Thus, in the range of validity of K-M theory (roo >• 0.6), the observation of reflectance increasing toward shorter wavelengths should be subtle. Hapke [1981] pointed out that small, submicron particles will be highly cohesive, and will tend to stick to the surfaces of larger particles or clump together into larger aggregates which would effectively appear as large particles with strong internal scattering. Thus, n will remain small. Two examples of wavelength dependent scattering are seen in the work by Clark [1981b Clark [ , 1983 . Clark [1981b] shows a spectrum of a thin layer of very fine grained frost (•< 1-/•m grain size) which shows reflectance decreasing linearly with wavelength. Clark [1983] shows a more interesting case where carbon black (grain size 0.17/•m) is mixed with montmorillonite (grain size •,15/•m). Spectra of the pure end-members both show a decreasing reflectance toward shorter wavelengths. However, in mixture spectra, most notably when the carbon fraction is •,2 wt %, there is a significant increase in reflectance toward shorter wavelength (these spectra are also discussed later, in the section on continua, and the spectra are shown in Figure 5 ). In this case, the carbon particles are well separated [see Clark 1983] and appear more like a cloud of carbon particles (since the single scattering albedo of the montmorillonite is large), and diffraction becomes more important resulting in some Rayleigh scattering. In most cases, k" scattering in surfaces is a very small effect compared to absorption in geologic material.
As an example of the problems which can be encountered when applying K-M theory, consider the spectra for three different grain sizes of H20 frost shown in Figure 1 (curves a, b Figure 2b were calculated to be 6.62 and 0.148 for the coarse-and fine-grained ratios of the remittance data of frost relative to the medium-grained frost, respectively. However, as seen in Figure 2b , the remission ratios show significant variation. This shows that in a particulate surface such as solid H20 , the scattering changes with absorption coefficient. Photons will be scattered less in an absorption band, because of increased absorption, than outside the band. The mean path length that photons travel in the material is wavelength dependent, and an absorption band will always be weaker than predicted by the absorption spectrum and constant scattering parameter. In other words, the absorption feature will always appear slightly saturated. The applicability of K-M theory is that it converts reflectance over a limited range into a quantity proportional to the absorption coefficient of the material.
BIDIRECTIONAL REFLECTANCE THEORIES
Several recent papers [Hapko, 1981; Goguen, 1981; Lureroe and Bowell, 1981] present extensive discussions concerning the role of scattering as it relates to reflectance spectroscopy. The applicability of these theories is that they model the realistic interaction of electromagnetic radiation with a particulate surface and as such can yield information about surface microstructure as well as individual mineral abundances. All authors use basic radiative transfer equations to derive scattering theories which deal with particulate surfaces. Although these theories differ in specific detail, all include variables and expressions for specular and diffuse reflectance, phase depen-dent particle scattering, and mutual interparticle shadowing. The parameters in these theories are directly related to physical properties of the surface such as the density of particles in the surface, roughness of the surface viewed by the detector, grain size, and the complex index of refraction of the material.
As an example of one of these scattering equations, consider equation ( The single scattering albedo, a variable common to all these theories, is the probability that a photon survives an interaction with a single particle and as such includes Fresnel reflection, absorption, scattering, and diffraction due to the presence of an individual grain. Hapke [1981] The directional-hemispherical reflectance is the ratio of power emitted from a surface in all'directions to the irradiance of a collimated light source incident from a specific direction. A surface of isotropic scatters illuminated at an incidence angle i of 60 ø will have the directional-hemispherical reflectance equal to the bihemispherical reflectance [e.g., Hapke, 1981 ] . However, the angle of incidence i or emission e of commercial spectrometers that use an integrating sphere is typically 0 ø [e.g., Adams, 1975] . Hapke [1981] showed that the bidirectional radiance coefficient is formally equal to the bihemispherical reflectance for a surface of isotropic scattering particles when i = e = 60 ø and g is large enough that the opposition effect is neglegible (B(g) • 0).
The geometric albedo is the ratio of the brightness of the integral hemispherical disk of a planet to the brightness of a flat Lambert disk viewed normally at zero phase. In the case of isotropic scatterers and ignoring the opposition effect,
The importance of equation (4) 
MEAN OPTICAL PATH LENGTH
The distance x that a photon travels in a material with absorption coefficient k is related to the probability that the photon will not be absorbed. In other words, light is attenuated according to Beers law:
where Io is the initial intensity and I is the attenuated intensity. When a boundary is encountered where there is a change in the index" of refraction, the light will be reflected and refracted. Thus, all photons do not travel the exact same path after encountering a boundary.
As 
Solving for the mean optical path length from equations (8) and (9), we find
For a material such as common glass with C• = 0.04 and k very small, d = 1.0032d. in a particulate surface, the light usually encounters many index of refraction boundaries so that tracing the photon paths is quite complex. Since scattering in the surface only redirects photons and it is the passage through the various materials that cause the absorption, there is a mean path length •which can be used to describe the absorption process where r is any type of reflectance of the surface scaled to unity in the case of no absorption (e.g., nonisotropic scattering and no absorption could result in nonunity bidirectional reflectance). Equation ( 
equation ( 
V' k(1 + 2kD) Hapke [1981] has shown that equation (16) The mopl of a particulate surface can also be expressed as
In the case where the grain is optically thin, it can be shown, using equations (16) where n is the real part of the index of refraction and k is the absorption coefficient. An example computation, using the above theory is illustrated by using the complex index of refraction data for water ice from Irvine and Pollack [1968] , and equations (15) Figure 3b . In order to compare the spectra predicted by both K-M and the method outlined above, the derived absorption coefficient of the medium-grained frost was used to calculate the reflectance spectrum of the fine-and coarse-grained frost using the grain sizes determined for Figure 3a . The calculated spectra are compared to measured data in Figure 3c . The predicted spectra were divided by the measured data, and these ratios are plotted in Figure 3d . Both plots illustrate that the scattering theory approach outlined above result in better prediction of measured reflectance than K-M theory. However, in regions of strong absorption the scattering theory predictions also show variations from measured data. This difference is at least partly due to the 
Irvine and Pollack [1968], the absorption coefficient was determined by an iterative process using equations (15), (16), (22), and (23). The derived absorption coefficient is compared to the Irvine and Pollack [1968] absorption coefficient for solid H_,O in

approximation of equation (16) and can be reduced by using equation (4) to determine w (the quantitative analysis section further explores this point).
The photon mean optical path should not be confused with the mean penetrated layer thickness (mplt). The mopl is the mean distance traveled in a random walk, while the mplt is a perpendicular linear distance from the surface that photons penetrate and is considerably less than the mopl. The mplt is also dependent on the single scattering albedo of the grains. If we consider the scattering to be isotropic and the distance between grains is d,, then a photon will be scattered, on the average, a distance (n/4)d, in the upward or downward direction in the surface. The mean distance that photons penetrate into the surface is easily computed from a one-dimensional random walk problem. If, on the average, photons are scattered m times before leaving the surface (see equation (19) 
It is easily shown that the two sides of equation (28) in deriving the reflectance level in remotely sensed spectra. This can lead to analysis problems when using K-M theory and a Gaussian absorption feature analysis. If there is a multiplicative error in too then the width W and the intensity Go of the Gaussian changes. However, in apparent absorbance, an error in the reflectance is equivalent to a Gaussian plus a constant, and there is no width or intensity change. For example, if the medium-grained frost spectrum in Figure 1 is multiplied by 0.9, the 1.04-/•m band intensity in the remission function increases by a factor of 1.77, while the band width increases by a factor of 1.12 relative to the remission function of the unscaled spectrum. [1982] discussed the problem of band saturation in reflectance and noted that the fitting of Gaussians in reflectance could lead to spurious multiple Gaussians fitted to a saturated reflectance feature. Morris et al. [1982] incorrectly stated that Gaussian fitting to In (r) would also yield spurious multiple Gaussians. The above discussion shows mathematically that Gaussians in K-M remission space are also Gaussians in apparent absorbance in the range of validity of K-M theory.
Morris et al. [1982] and Mendell and Morris
Fresnel reflection is the one major problem in analysis of reflectance spectra shared by both K-M theory and apparent absorbance. The reflectance observed from a surface is r = r, + r,,,
where r• is the fraction of reflected light from the first-order specular reflection component and r,,, is the light which has entered one or more particles and is eventually scattered out of the surface. At small phase angles, r• and s• from equation (23) are equal. Since r• cannot be separated from r,,, in most cases, both apparent absorbance and K-M theory can suffer from band saturation. This is seen in Figure 4a As stated in the introduction, the materials are not identified from the absorption coefficient but from absorption features in the reflectance spectrum. If a material cannot be identified from its reflectance spectrum (e.g., no observable features), any conversion to absorbance will not produce additional features or increase the probability of identification. Thus, if the materials can be identified, then the densities and complex indices of refraction are known or can be measured with suitable samples. The problem is then reduced to z equa- tions and 3j unknowns (s,, D,, and M,) . The mass fractions M, of the individual components can be solved for using a nonlinear least squares technique.
In reality, particulate surfaces of even one material consist of a range of grain sizes. Such a case can be modeled using equations (4) and (33) where each component is the same material but of varying grain sizes. As an example of this application, three grain sizes (20, 100, and 1000 /•m with weight fractions of 2, 8, and 90%, repectively) were used to predict the coarse-grained frost reflectance spectra with the full Hapke [1981] theory (equation (3) , assuming isotropic scattering), and the results are shown in Figure 6a . This is not a least squares fit, only a hand-chosen example. A ratio of predicted to real reflectance is shown in Figure 6b . The ratio illustrates the advantage of using the full theory, since the agreement with the observed spectrum is much closer than the more simplified approach discussed earlier and illustrated in Figure   3c and 3d. Goguen [1981] has demonstrated the feasibility of the inversion concept by deriving the least squares solution to abundance of an MgO-charcoal mixture using one wavelength and many viewing geometries to solve the scattering problem. Goguen's example was limited in that the end-member scattering parameters were known and used in the mixture calculations. Johnson.et al.
[1983] applied a version of Hapke's theory to calculate reflectance spectra of mineral mixtures given the end-member spectra and noted that the procedure might be used to deconvolve abundances of the components in a spectrum of mineral mixtures if the grain size of each component and a spectrum of each of the end-members were known. The inversion idea is presented here since it is the first general mathematical presentation we are aware of which illustrates that mineral abundances may be derived from spectra of mineral mixtures when only the identity of the components are known. The accuracy of the resulting mass fractions are unknown, and it will take considerable testing by many investigators to explore the problem. 
